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A fundamental assumption in the theory of brane world is that all matter and radiation are con-
fined on the four-dimensional brane and only gravitons can propagate in the five-dimensional bulk
spacetime. The brane world theory did not provide an explanation for the existence of electromag-
netic fields and the origin of the electromagnetic field equation. In this paper, we propose a model
for explaining the existence of electromagnetic fields on a brane and deriving the electromagnetic
field equation. Similar to the case in Kaluza-Klein theory, we find that electromagnetic fields and
the electromagnetic field equation can be derived from the five-dimensional Einstein field equation.
However, the derived electromagnetic field equation differs from the Maxwell equation by containing
a term with the electromagnetic potential vector coupled to the spacetime curvature tensor. So it
can be considered as generalization of the Maxwell equation in a curved spacetime. The gravita-
tional field equation on the brane is also derived with the stress-energy tensor for electromagnetic
fields explicitly included and the Weyl tensor term explicitly expressed with matter fields and their
derivatives in the direction of the extra-dimension. The model proposed in the paper can be re-
garded as unification of electromagnetic and gravitational interactions in the framework of brane
world theory.
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I. INTRODUCTION
The theory of brane world was proposed to address the hierarchy problem in theoretical physics [1, 2]. In the
theory of brane world, the four-dimensional spacetime in which we live is assumed to be a hypersurface (or, a brane)
embedded in a five-dimensional bulk spacetime. The gravitational field equation on the four-dimensional brane is
derived from the Einstein field equation in the five-dimensional bulk space by the approach of projection [3]. Standard
model particles, including electromagnetic fields, strong and weak particles, are assumed to be confined on the four-
dimensional brane. The assumption is motivated by D-branes in string theory, on which open strings representing
the non-gravitational sector can end [4–7]. For a recent and comprehensive review on the theory of brane world and
its application in physics and cosmology, please refer to [8].
Kaluza-Klein (KK) theory also attempts to interpret the physics in a four-dimensional spacetime as arising from
the gravity in a five-dimensional bulk spacetime [9–13]. In the KK theory, both the Maxwell equation and the four-
dimensional Einstein field equation are derived from the five-dimensional Einstein field equation. In the KK theory
the extra-dimension is assumed to be compactified to a very small scale so that the extra-dimension cannot be seen
in normal physical experiments and hence gravity appears four-dimensional. However, in the brane theory the extra-
dimension can be noncompact. It is the curvature of the bulk space that keeps gravity to be four-dimensional on
scales larger than the curvature radius of the bulk space [2].
Although both attempt to interpret the four-dimensional physics as arising from the five-dimensional physics, KK
and brane world theories are distinctly different in physics: they are defined on two different hypersurfaces in a five-
dimensional spacetime and are not related by diffeomorphisms, as explained in detail in [14]. As can be seen from the
above description, electromagnetism has different origins in the two theories. In the KK theory, the Maxwell equation
is derived from the five-dimensional Einstein field equation, hence electromagnetism and gravity have the same origin.
In the brane world theory, electromagnetism is assumed to arise from open strings ending on D-branes hence has no
relation to gravity arising from closed strings. In addition, as mentioned above, in the KK theory the extra spatial
dimension must be compactified, but in the brane theory the extra spatial dimension can be noncompact.
It would be interesting to adapt the idea of deriving the Maxwell equation from the five-dimensional Einstein field
equation in the KK theory to the brane world theory. However, this is not an easy task, since the 4+1 decomposition
of the five-dimensional metric tensor adopted in the KK theory is different from that used for obtaining a metric tensor
on a brane hypersurface, as explained in [14]. In this paper, we propose a brane world model in which electromagnetic
∗
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2fields and the electromagnetic field equation on the brane are derived from the five-dimensional Einstein field equation.
We will see that, this can be realized only if an appropriate boundary condition on the brane is adopted, and the
derived electromagnetic field equation differs from the Maxwell equation by a curvature-coupled term. The boundary
condition differs from the Z2-symmetry boundary condition used in the standard brane world theory, as will be
explained in the paper.
II. 4+1 DECOMPOSITION OF THE FIVE-DIMENSIONAL EINSTEIN FIELD EQUATION
Assuming a five-dimensional spacetime in which gravity is described by the Einstein field equation
R˜ab − 1
2
R˜g˜ab = κ˜T˜ab , (1)
where g˜ab is the metric tensor of the spacetime, R˜ab is the Ricci curvature tensor, R˜ ≡ g˜abR˜ab is the Ricci scalar,
T˜ab is the stress-energy tensor of matter, and κ˜ is gravitational coupling constant. The five-dimensional spacetime is
sliced by a set of timelike hypersurfaces, and one of the hypersurfaces is just the four-dimensional spacetime in which
we live. The hypersurface has a unit normal na, a metric tensor gab ≡ g˜ab − nanb, and an extrinsic curvature tensor
Kab ≡ £˜ngab where £˜n denotes the Lie derivative with respect to na.
It is well known that the Einstein field equation (1) is equivalent to the following three equations expressed in terms
of geometric quantities on the hypersurface [3, 14–16]:
R+KabK
ab −K2 = −2κ˜T˜abnanb , (2)
∇aKab −∇bK = κ˜gabT˜acnc , (3)
and
Gab = κ˜g
c
a g
d
b T˜cd + gab
cd
£˜nKcd − (2K ca Kcb −KKab) +
1
2
(
3KcdK
cd −K2) gab . (4)
Here, gabcd ≡ gacgbd − gabgcd, ∇a is the derivative operator associated with the metric gab, Rab is the Ricci curvature
tensor of the brane hypersurface, R ≡ Raa is the Ricci scalar, Gab ≡ Rab − (1/2)Rgab is the Einstein tensor, and
K ≡ Kaa.
The scalar equation (2) is obtained by contraction of equation (1) with nanb. The vector equation (3) is obtained
by contraction of equation (1) with nb, then projection onto the hypersurface by the projection operator gab. It is
also called the Gauss-Codacci relation [15, 16]. The tensor equation (4) is obtained by full projection of the equation
(1) onto the hypersurface. We use normal letters to denote quantities on the brane hypersurface, and tilded letters
to denote quantities defined in the bulk spacetime (except the normal vector na). The index of a tensor in the bulk
spacetime is lowered (raised) by g˜ab (g˜
ab). The index of a tensor on the brane can be lowered (raised) by both gab
(gab) and g˜ab (g˜
ab), with the same result.
In the brane world theory with the Z2-symmetry boundary condition, the tensor field equation (4) is interpreted
as the Einstein field equation on the bane [3]. Equation (4) agrees with the eq. 8 of [3], if the traceless tensor Eab in
the eq. 8 in [3], which is defined by the Weyl tensor in the bulk space, is expressed in terms of the brane extrinsic
curvature Kab and its derivative in the direction orthogonal to the brane. Note that, in derivation of equation (4),
following [3] we have assumed that na is tangent to a geodesic so that the acceleration vector ab ≡ na∇˜anb = 0.
III. ELECTROMAGNETIC FIELD EQUATIONS ON A BRANE
Let us consider a discontinuous hypersurface (a brane) in a five-dimensional spacetime, which contains a surface
stress-energy tensor as assumed in the theory of brane world. To have a well-defined four-dimensional geometry on
the brane, the induced metric gab must be continuous across it, hence the derivative operator ∇a and the Riemann
curvature defined by it. Then, by definition, the extrinsic curvature Kab does not contain a Dirac δ-function, although
it can be discontinuous across the brane. In fact, by the five-dimensional Einstein field equation (1), Kab must be
discontinuous across the brane.
The bulk stress-energy tensor T˜ab must contain a δ-function at the position of the brane. So, we can write
T˜ab = − Λ˜
κ˜
g˜ab + T˜ab + S˜abδ(n) , (5)
3where Λ˜ is the cosmological constant in the bulk space, T˜ab and S˜ab are regular tensors (i.e., they contain no δ-function).
Here we have written na = (∂/∂n)a and use n = 0 to denote the position of the brane.
Let [Q] denote the difference in the value of any quantity Q on the two sides of the brane, i.e., [Q] ≡ Q+ − Q−,
Q+ = Q(n = 0+), and Q− = Q(n = 0−). Integration of equation (4) across the brane hypersurface leads to the Israel
junction condition [15, 17]
[Kab] = −κ˜
(
Sab − 1
3
Sgab
)
, (6)
where Sab ≡ g ca g db S˜cd and S = Saa. Similarly, integration of equations (2) and (3) across the brane leads to
ncndS˜cd = 0 and g
d
b n
cS˜cd = 0 , (7)
which simply tells that the momentum flow represented by S˜ab is entirely in the brane [15].
To introduce electromagnetic fields on the brane, in the neighborhood of the brane hypersurface we choose a general
coordinate system {x0, x1, x2, x3, x4 ≡ w} so that the brane is located at w = 0. The coordinate vector wa = (∂/∂w)a
can be decomposed as wa = Nna + Na, where N is the lapse function, and Na = gabw
b is the shift vector [16]. It
can be verified that the acceleration vector aa = −∇a lnN . Hence, the geodesic condition aa = 0 is identical to the
condition ∇aN = 0, i.e., N can only be a function of w. Define
w′ = 2
∫
Ndw , Aa = (2N)−1Na , Hab = ∇aAb +∇bAa = Hba , (8)
the extrinsic curvature Kab can be expressed as
Kab = g˙ab −Hab , (9)
where g˙ab ≡ ∂gab/∂w′ ≡ g ca g db £˜w′gcd.
Substituting equation (9) into the vector equation (3), we get
∇aF ab + 2RbaAa = −4piJb , (10)
where Fab ≡ ∇aAb −∇bAa,
Ja ≡ 1
4pi
(
∇bΦab + κ˜gabT˜bcnc
)
, (11)
and
Φab ≡ −gabcdg˙cd = Φba . (12)
Equation (10) differs from the Maxwell equation only by a curvature-coupled term 2RbaA
a, if Aa is interpreted as
the electromagnetic potential vector, and Ja interpreted as the electric current density vector. When Rab = 0, it is
exactly the Maxwell equation. Therefore, we can interpret equation (10) as generalization of the Maxwell equation in
the brane world theory.
IV. EINSTEIN FIELD EQUATIONS ON A BRANE
Substituting equation (9) in to the tensor equation (4), we get a four-dimensional Einstein field equation on the
brane:
Gab = κTab , (13)
with the stress-energy tensor
Tab = TEM,ab + Tm,ab + Tint,ab +
κ˜
κ
ga
cgb
dT˜cd , (14)
where
κTEM,ab = 2ΨacΨ
c
b −
2
3
ΨΨab − 1
2
(
ΨcdΨ
cd − 1
3
Ψ2
)
gab − 2∇c
(
2A(aΨb)c −AcΨab
)
, (15)
4κTm,ab = −2ΦacΦ cb +
1
3
ΦΦab − 1
2
(
ΦcdΦ
cd − 1
3
Φ2
)
gab − 2Φ˙ab , (16)
and
κTint,ab =
1
3
ΦΨab − 2
3
ΨΦab −
(
ΦcdΨ
cd − 1
3
ΦΨ
)
gab − 2∇c
(
2A(aΦb)c −AcΦab
)− 2Ψ˙ab . (17)
Here, κ is the gravitational coupling constant in the four-dimensional spacetime,
Ψab ≡ Hab −Hgab = Ψba , (18)
H ≡ Hcc, Ψ ≡ Ψcc, and Φ ≡ Φcc. The braces in tensor indexes denote symmetrization of indexes.
According to [14], TEM,ab is interpreted as the stress-energy tensor of electromagnetic fields, Tm,ab interpreted as the
stress-energy tensor of the matter field associated with g˙ab, and Tint,ab interpreted as the stress-energy tensor arising
from the interaction between the electromagnetic field and the matter field. The TEM,ab is related to the ordinary
electromagnetic stress-energy tensor
(0)TEM,ab =
2
κ
(
FacFb
c − 1
4
gabFcdF
cd
)
(19)
by
TEM,ab =
(0)TEM,ab +
(1)TEM,ab , (20)
where
(1)TEM,ab = − 2
κ
{∇c∇c(AaAb)− 2∇c∇(a(Ab)Ac) + 4AcRc(aAb) + gab [∇c∇d(AcAd)−RcdAcAd]} , (21)
which arises from the curvature-coupled term in the field equation (10).
Unlike (0)TEM,ab, the
(1)TEM,ab does not interact with electric charge and current, since
∇a(1)TEM,ab = 1
2pi
[
Fb
cRcdA
d −Ab∇c
(
RcdA
d
)]
. (22)
In contrast, for the (0)TEM,ab, we have
∇a(0)TEM,ab = −FbaJa − 1
2pi
Fb
cRcdA
d . (23)
When the electric charge is conserved, by equation (10) we have ∇c (RcdAd) = −2pi∇aJa = 0. Then, for the total
TEM,ab we have just the Lorentz force law:
∇aTEM,ab = −FbaJa . (24)
Note that, although the effect of (1)TEM,ab cannot be measured by electromagnetic experiments,
(1)TEM,ab affects the
spacetime geometry according to the Einstein field equation. Hence, (1)TEM,ab represents a kind of dark electromagnetic
energy and momentum [18].
V. BOUNDARY CONDITIONS
To have a well-defined electromagnetic field on the brane, Aa and ∇aAb must be continuous across the brane.
That is, we must have [Aa] = 0, [Fab] = [Hab] = [Ψab] = 0. Then, by equation (9), we have [Kab] = [g˙ab], and
[Φab] = −gabcd[g˙cd] = −gabcd[Kcd]. By equation (6), we then get
[Φab] = κ˜Sab . (25)
In the theory of brane world, it is usually assumed that K+ab = −K−ab, i.e., Kab is antisymmetric about the brane
[3, 8]. This Z2-symmetry does not apply when the electromagnetic field is present, by equation (9) and the condition
[Hab] = 0. However, since [Kab] = [g˙ab], we can assume that
g˙+ab = −g˙−ab , (26)
5i.e., g˙ab is antisymmetric about the brane. This condition is equivalent to Φ
+
ab = −Φ−ab. With this assumption, from
equation (25) we get the boundary condition
Φ+ab = −Φ−ab =
1
2
[Φab] =
κ˜
2
Sab . (27)
By the symmetry properties of Ψab and Φab, we have Ψ˙
+
ab = −Ψ˙−ab, and Φ˙+ab = Φ˙−ab. Then, by equations (15)–(17),
we have [TEM,ab] = [Tm,ab] = 0, and
κT+int,ab = −κT−int,ab = −2Ψ˙+ab − κ˜∇c
(
2A(aSb)c −AcSab
)
+ κ˜
[
1
6
SΨab − 1
3
ΨSab − 1
2
(
ScdΨ
cd − 1
3
SΨ
)
gab
]
, (28)
where we have omitted the indexes “+” and “−” for Ψab and Aa since Ψ+ab = Ψ−ab and A+a = A−a . To have a well-
defined Einstein field equation on the brane, each term on the right-hand side of equation (14) must be symmetric
about the brane, since G+ab = G
−
ab. So, we must have
[
ga
cgb
dT˜cd
]
= 0 and [Tint,ab] = 0. Then, by equation (28), we
must have T+int,ab = T
−
int,ab = 0, i.e.,
Ψ˙+ab = κ˜
[
−1
2
∇c (2A(aSb)c −AcSab)+ 1
12
SΨab − 1
6
ΨSab − 1
4
(
ScdΨ
cd − 1
3
SΨ
)
gab
]
. (29)
Let us consider a simple case: Sab = −λgab, where λ is constant on the brane but can be a function of w′, and
λ(−w′) = λ(w′). That is, the brane has a positive tension (represented by λ) and is vacuum otherwise. By equation
(28) and the above discussions, we get κT+int,ab = −2Ψ˙+ab+(κ˜/3)λΨab = 0, so we must have Ψ˙+ab = −Ψ˙−ab = (κ˜/6)λΨab.
Substituting Sab = −λgab into equation (16), we get κTm,ab = −2Φ˙ab. If we assume that the relation in equation (27)
holds in a small neighborhood of the brane, we get 2Φ˙ab = −κ˜
(
λ˙gab + λg˙ab
)
= −κ˜
(
λ˙− κ˜λ2/6
)
gab, and
κTm,ab = κ˜
(
λ˙− 1
6
κ˜λ2
)
gab , (30)
corresponding to a cosmological constant term. Then, we get the four-dimensional gravitational field equation on the
brane
Gab + Λeff gab = κTEM,ab , (31)
where we have assumed T˜ab = 0 (eq. 5) and
Λeff ≡ Λ˜− κ˜
(
λ˙− κ˜
6
λ2
)
. (32)
It is just the four-dimensional Einstein field equation with a cosmological constant and the stress-energy of electro-
magnetic fields as the source.
To cancel the five-dimensional cosmological constant Λ˜ and have Λeff = 0, we must have κ˜
(
λ˙− κ˜λ2/6
)
= Λ˜. This
result agrees with that discussed in [3] when λ˙ = 0. If on the brane λ˙ 6= 0 but κ˜2λ2 = −6Λ˜, we get a residual
cosmological constant Λeff = −κ˜λ˙.
To find out the relation between the coupling constants κ and κ˜, let us include a stress-energy tensor of normal
matter in Sab and denote it by τab: Sab = −λgab + τab. Then we get
κTm,ab = κ˜
(
λ˙− κ˜
6
λ2
)
gab +
κ˜2
6
λτab − κ˜τ˙ab + κ˜2piab,
(33)
where
piab = −1
2
τacτb
c +
1
12
ττab − 1
8
(
τcdτ
cd − 1
3
τ2
)
gab (34)
contains quadratic terms of τab. The requirement that the linear term of τab in (33) is identical to that contained in
the standard four-dimensional Einstein field equation leads to
κ =
1
6
κ˜2λ , (35)
6in agreement with the result in [3]. Hence, when Λeff = 0, we get the general four-dimensional gravitational field
equation on the brane
Gab = κ (TEM,ab + τab) + κ˜ (Tab − τ˙ab) + κ˜2piab , (36)
where Tab = gacgbdT˜cd is the projection of the bulk stress-energy tensor.
The difference between the piab in equation (34) and the piµν in [3] is caused by the fact that in our treatment the
tensor Eab in [3] has been expressed in terms of Kab and its derivative. In fact, the τ˙ab term in equation (36) arises
from the expression for Eab. (Details for the relation between Eab and Kab can be found in [14].)
In equation (36), the term linear in τab is the stress-energy tensor of normal matter (other than electromagnetic
fields) on the brane, which has the same form as in the standard Einstein field equation. It guarantees that the
Newtonian gravitational law can be obtained in linear perturbations. The piab, which contains quadratic terms of τab,
is important only in high energy states [3, 8]. The TEM,ab, defined by equation (15), represents the stress-energy tensor
of electromagnetic fields, which differs from the standard electromagnetic stress-energy tensor by a term (1)TEM,ab
(eq. 21). The τ˙ab is the gradient of τab with respect to the extra dimension w, which should be small since its effect
has never been detected in normal experiments of gravity. The Tab arises from the stress-energy tensor of matter in
the bulk space, whose effect on the brane may look like some kind of dark matter.
VI. RELATION TO OTHER WORK IN THE LITERATURE
To understand the boundary condition better, we express Kab in terms of Φab and Ψab
Kab = −Φˆab − Ψˆab , (37)
where
Φˆab ≡ Φab − 1
3
Φgab , Ψˆab ≡ Ψab − 1
3
Ψgab . (38)
In our model, we choose the boundary condition so that Ψˆab is symmetric about the brane, but Φˆab is antisymmetric
about the brane. The Ψˆab is interpreted as representing electromagnetic fields on the brane. The Φˆab is related to
the stress-energy tensor of matter on the brane through the Israel junction relation (eq. 27).
The boundary condition adopted in this paper is essentially a non-Z2 symmetric boundary condition, which has
been studied in the framework of an asymmetric brane world in the literature ([19, 20], and references therein). In
[19] and [20], the extrinsic curvature tensor Kab of the brane is separated into two parts, an antisymmetric part and
a symmetric part about the brane. As usual, the antisymmetric part is related to the stress-energy tensor of matter
confined in the brane by the Israel junction relation. The symmetric part is solved from a constraint equation derived
from the requirement that [Rab] = 0, with a formal solution determined by the stress-energy tensor of matter confined
in the brane and the antisymmetric part about the brane of the geometric quantity in the bulk space (eqs. 31 and
32 in [19], eq. 3.17 in [20]). We call it “a formal solution” because the [Fab] in [19, 20] contains the Weyl term [Eab],
which itself is a function of the 〈Kab〉 and its derivative in the direction of the extra-dimension according to equation
(B35) of [14]. Electromagnetic fields are not discussed in [19, 20].
Mathematically, the result in this paper agrees with that in [19] and [20]. The four-dimensional Einstein field
equation (36) mathematically agrees with the four-dimensional Einstein field equation derived in [19, 20]. The elec-
tromagnetic field equation (10) is mathematically equivalent to the Gauss-Codacci relation. This is not surprising,
since in both models (the model in this paper and the model in [19, 20]) the effective field equations on the brane
hypersurface are derived from the five-dimensional Einstein field equation by projection, and the boundary conditions
on the brane are mathematically equivalent. In particular, the electromagnetic field equation (10) is derived from the
Gauss-Codacci relation.
However, the physics represented by our model is different from that represented by the model in [19, 20]. In our
model, aside from the part resulted from projection of the bulk stress-energy tensor, the stress-energy tensor in the
Einstein field equation on the brane contains two parts. One part, represented by τab, τ˙ab, and piab in equation (36),
is interpreted as the stress-energy tensor of normal matter confined in the brane and related to the antisymmetric
part of Kab (i.e., −Φˆab) by the Israel junction relation (eqs. 16 and 33). The other part, represented by TEM,ab in
equation (36), is interpreted as the stress-energy tensor of electromagnetic fields and related to the symmetric part of
Kab (i.e., −Ψab; see eq. 15). The TEM,ab differs from the standard electromagnetic stress-energy tensor (0)TEM,ab by
a (1)TEM,ab, see equations (19)–(21). As explained in [14, 18], the
(1)TEM,ab arises from the curvature-coupled term in
the electromagnetic field equation (10).
7Our interpretation of TEM,ab as the stress-energy tensor of electromagnetic fields is motivated by the fact that the
vector field equation, i.e., the Gauss-Codacci relation (3), can be expressed in a form very similar to the Maxwell
equation (eq. 10). By identities
∇aKab −∇bK = −∇aΨab −∇aΦab (39)
and
∇aΨab = ∇aF ab + 2RbaAa , (40)
equation (10) is easily derived from equation (3). The electromagnetic field Fab is related to the Ψab by equation
(40). Equation (10) differs from the Maxwell equation by a curvature-coupled term, 2RbaA
a. In a flat spacetime
with a vanishing spacetime curvature, equation (10) is exactly the Maxwell equation. Hence, it is natural to consider
equation (10) as generalization of the Maxwell equation in a curved spacetime [14, 18].
The Gauss-Codacci relation was mentioned and briefly discussed in [19, 20], but its relation to the Maxwell equation
was not noticed. The authors of [19, 20] did not find the electromagnetic field contained in the field equations on
the brane. Derivation of the electromagnetic field equation and identification of the electromagnetic part in the total
effective stress-energy tensor in the four-dimensional Einstein field equation are the major new contribution of the
present work.
VII. SUMMARY AND DISCUSSION
We have shown that, similar to the case in the KK theory, electromagnetic fields on a four-dimensional brane can
be derived from the gravity in the five-dimensional bulk spacetime. The electromagnetic field is contained in the
extrinsic curvature tensor of the brane hypersurface and obeys the field equation (10), which differs from the Maxwell
equation by a curvature-coupled term. Since by definition Na and Aa are vectors tangent to the brane hypersurface,
the electromagnetic field can only be seen on the brane and hence its effect is naturally confined on the brane. When
Rab 6= 0 the field equation is not gauge invariant. However, in a Ricci-flat spacetime with Rab = 0, the field equation
(10) becomes the Maxwell equation and gauge symmetry is restored. Hence, the electromagnetic field equation (10)
can be considered as generalization of the Maxwell equation to a curved spacetime, as an alternative to the Einstein-
Maxwell equation. The curvature-coupled term 2RbaA
a can be regarded as a pseudo-charge current vector, whose
effect is testable in an environment with high mass and energy density [14, 18].
With appropriate boundary conditions (eq. 27), the four-dimensional Einstein field equation is derived, which is
given by equation (36). The right-hand-side of the Einstein field equation explicitly contains the stress-energy tensor
of electromagnetic fields defined by equation (15). By the relation
R˜ = R−KabKab +K2 − 2∇˜ava , (41)
where va = Kna − aa, the five-dimensional Einstein-Hilbert action can be written as
SE−H =
∫ √−g (LG + LEM + Lm + Lint) dV˜ , (42)
where dV˜ = 2−1dx0dx1dx2dx3dw′, LG = R, Lm = −gabcdg˙abg˙cd, Lint = −4gabcdAa∇bg˙cd, and
LEM = −4
√−g
(
1
4
FabF
ab −RabAaAb
)
. (43)
It can be verified that the variation of SE−H with respect to Aa leads to the electromagnetic field equation (10). The
variation of SE−H with respect to g
ab leads to the four-dimensional Einstein field equation with the stress-energy
tensor given by equations (15)–(17) (see [14] for detail).
The number of degrees of freedom (d.o.f) of gravity determined by the four-dimensional Einstein field equation is
two. The number of d.o.f of the electromagnetic field determined by equation (10) is three, since the presence of the
curvature-coupled term causes violation of gauge symmetry. This fact means that the curvature-coupled term in the
electromagnetic field equation causes an effective mass to photons. Hence, the total number of d.o.f is five, which is
equal to the number of d.o.f of the five-dimensional gravity.
So far we have not discussed the scalar constraint equation (2) yet. In fact, it can be replaced by another scalar
equation obtained from the identity Ea
a = 0, or equivalently, from substitution of equation (2) into the trace of
8equation (4). So, the scalar constraint equation gives essentially a constraint on the trace of £˜nKab [14]. It can be
derived that equation (2) leads to
SabΨ
ab − 1
3
SΨ = −
[
T˜abn
anb
]
, (44)
where the right-hand side is the difference in the bulk pressure acting on the two sides of the brane.
Similarly, from equation (3) (i.e., eq. 10) we can derive that ∇aSab = 0 = ∇aτab, if
[
gabT˜acn
c
]
= 0. This is just the
conservation equation for Sab and τab. Then ∇aΦ+ab = 0, and by equation (11) we have Ja = (κ˜/4pi)gabT˜bcnc. When
Ja = 0, we have ∇aTab = 0 and ∇aTEM,ab = 0, then by equation (36) we get ∇aτ˙ab = κ˜∇apiab.
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